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Extended Goldberger-Treiman relation obtained in a three-flavor parity doublet model
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1 Department of Physics, Nagoya University, Nagoya 464-8602, Japan
(Dated: May 7, 2018)
We study masses and decay widths of positive and negative parity nucleons using a three-flavor
parity doublet model, in which we introduce three representations, [(3, 3¯)⊕ (3¯,3)], [(3, 6)⊕ (6,3)],
and [(8,1)⊕ (1,8)] of the chiral U(3)L×U(3)R symmetry. We find an extended version of the
Goldberger-Treiman relation among the mass differences and the coupling constants for pionic tran-
sitions. This relation leads to an upper bound for the decay width of N(1440) → N(939) + π
independently of the model parameters. We perform the numerical fitting of the model parameters
and derive several predictions, which can be tested in future experiments or lattice QCD analy-
sis. Furthermore, when we use the axial coupling of the excited nucleons obtained from lattice
QCD analyses as inputs, we find that the ground state nucleon N(939) consists of about 80% of
[(3,6)⊕ (6,3)] component, and that the chiral invariant mass of N(939) is roughly 500 – 800MeV.
PACS numbers: 14.20.Gk, 12.39.Fe, 13.30.Eg, 14.20.Dh
I. INTRODUCTION
There are many baryons in Nature [1], which are de-
scribed by the flavor symmetry as in Table I. It is con-
sidered that the Quantum ChromoDynamics (QCD) de-
scribes their properties such as the masses and the inter-
actions as well as the structure under the flavor symme-
try. One of the most important features of QCD relevant
to the low-energy hadron physics is the chiral symmetry
and its spontaneous breaking. The spontaneous chiral
symmetry breaking generates mass differences between
the chiral partners, which lead to the mass difference be-
tween the parity partners, as well as the mixing among
different chiral representations. It is interesting to study
the role of the chiral symmetry breaking to determine
the properties and structures of baryons. In particular,
asking how much amount of the masses of baryons are
generated by the chiral symmetry breaking is an attrac-
tive question.
Two-flavor parity doublet model was proposed by
Ref. [2] in which the nucleon N(939)
(
JP = 12
+
)
and
its parity partner N(1535)
(
JP = 12
−)
are introduced as
Table I: Data of spin 1/2 baryons in PDG [1].
JP Octets
1/2+ N(939) Λ(1116) Σ(1193) Ξ(1318)
1/2+ N(1440) Λ(1600) Σ(1660) Ξ(1690)
1/2− N(1535) Λ(1670) Σ(1560) Ξ(?)
1/2− N(1650) Λ(1800) Σ(1620) Ξ(?)
1/2+ N(1710) Λ(1810) Σ(1880) Ξ(?)
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a doublet. This model includes a chiral invariant mass
denoted by m0, which implies that the masses of N(939)
and N(1535) tend to m0 when the chiral symmetry is
restored and their mass splitting is given by the sponta-
neous chiral symmetry braking. This structure has been
studied by many works [2–12]. One of the key feature of
the structure is a relation among the pionic interactions
and mass difference between the chiral partners, which
is an extended Goldberger-Treiman relation. Using the
relation, one can obtain some information of m0 by com-
paring the model with experimental data, which seems
to prefer small value of m0, m0 . 500MeV (See e.g.
Refs. [6, 12]). On the other hand, parity doublet models
are applied to study the nuclear matter, where large value
of m0 (e.g. m0 & 800MeV [13, 14], m0 & 500MeV [15])
seems to be preferred. The results by the lattice QCD
analysis in Refs. [10, 11] indicate that most part of the
mass of the nucleon is the chiral invariant mass m0.
References [7–9] gave the extension to the three-flavor
parity doublet model with the chiral U(3)L×U(3)R sym-
metry. In two-flavor case, the axial charge gA of the nu-
cleon is constrained as gA ≤ 1 as mentioned in Ref. [2].
However, as is well known, it is empirically determined
as gA = F + D = 1.268 ± 0.006, where F and D are
the axial coupling constants given in Ref. [16], and their
values are 0.475± 0.004 and 0.793± 0.005 [17]. To solve
this puzzle, the authors in Refs. [7–9] introduced three
parity-even and three parity-odd baryons which belong
to [(3, 3¯)⊕ (3¯,3)], [(3,6)⊕ (6,3)], and [(8,1)⊕ (1,8)]
representations of the chiral U(3)L×U(3)R group, and
showed that the baryon mass spectra and the axial cou-
pling constants are reasonably agree with experiments
when the number representations are suitably restricted.
In this paper, we make a general analysis using a three-
flavor parity doublet model including all possible repre-
sentations to fit available experimental data. We will
show that there exists an extended Goldberger-Treiman
relation among the masses and pionic coupling constants
for the relevant nucleons, from which we obtain an upper
bound for the N(1440) → N(939) + π decay width in-
2dependently of the values of model parameters. Further-
more, our numerical analysis shows that the ground state
nucleon N(939) includes about 80% of [(3,6)⊕ (6,3)]
component, and that the chiral invariant mass of N(939)
is roughly 500 – 800MeV consistently with the analy-
sis [15].
This paper is organized by five sections: In Sec. II we
construct a three-flavor parity doublet model, and give
the mass matrix for the nucleons. In Sec. III we show
an extended Goldberger-Treiman relation and obtain the
upper bound of Γ(N(1440) → N(939) + π). Section IV
gives the numerical fitting results for the masses and the
partial decay widths of the nucleon and the exited nucle-
ons. Finally, we will give a brief summary and discussions
in Sec. V.
II. THREE-FLAVOR PARITY DOUBLET
MODEL
In this section we introduce the baryon fields with par-
ity doublet structure and construct a model Lagrangian
for the baryons interacting with the scalar and pseu-
doscalar mesons, requiring the U(3)L×U(3)R chiral in-
variance. Although the notations used here are some-
what different, the construction itself is consistent with
Ref. [7].
A. Construction of the Lagrangian
The chiral representations of quarks under SU(3)L ×
SU(3)R are written as
qL ∼ (3,1) , qR ∼ (1,3) , (II.1)
where these 3 and 1 in the bracket express triplet and
singlet for SU(3), respectively. They transform under the
U(1)L×U(1)R symmetry as
qL → eiθLqL ≡ ei 13 θV−iθAqL ,
qR → eiθRqR ≡ ei 13 θV +iθAqR , (II.2)
where θV and θA are the transformation parameters.
Here we assign the U(1)A charge of the left- and right-
handed quarks as −1 and +1, respectively. In the follow-
ing we explicitly write the U(1)A charge as
qL ∼ (3,1)−1 , qR ∼ (1,3)+1 . (II.3)
Since a baryon can be expressed as a direct product of
three quarks, we have the following possibilities for the
chiral representations of baryons:
qL ⊗ qR ⊗ qR ∼ (3,1)−1 ⊗ (1,3)+1 ⊗ (1,3)+1
∼ (3, 3¯)+1 ⊕ (3,6)+1 , (II.4)
qL ⊗ qL ⊗ qL ∼ (3,1)−1 ⊗ (3,1)−1 ⊗ (3,1)−1
∼ (1,1)−3 ⊕ 2(8,1)−3 ⊕ (10,1)−3 ,
(II.5)
and ones with qL and qR replaced with each other. Af-
ter the chiral symmetry is spontaneously broken down to
the flavor SU(3)F symmetry, octet-baryons appear from
the representations of (3, 3¯)−1, (3,6)−1, and (8,1)−3.
Therefore we introduce three types of baryons corre-
sponding these three representations. Hereafter, for sim-
plify, we focus only on baryon which has 1/2 spin.
We introduce the following baryons:
Ψ1l ∼ (3, 3¯)+1 , Ψ1r ∼ (3¯,3)−1 ,
Ψ2l ∼ (3¯,3)−1 , Ψ2r ∼ (3, 3¯)+1 ,
η1l ∼ (3,6)+1 , η1r ∼ (6,3)−1 ,
η2l ∼ (6,3)−1 , η2r ∼ (3,6)+1 ,
χ1l ∼ (8,1)−3 , χ1r ∼ (1,8)+3 ,
χ2l ∼ (1,8)+3 , χ2r ∼ (8,1)−3 , (II.6)
which are listed in Table II together withM defined later.
Their subscripts such as l or r express its chirality:
γ5Ψil =−Ψil , γ5Ψir = +Ψir ,
γ5ηil =− ηil , γ5ηir = +ηir ,
γ5χil =− χil , γ5χir = +χir (II.7)
for i = 1, 2.
For clarifying the representations under the chiral
group, we explicitly write the superscripts of the baryon
fields as
(Ψ1l)
a
α , (Ψ1r)
α
a , (Ψ2l)
α
a , (Ψ2r)
a
α ,
η
(a,αβ)
1l , η
(ab,α)
1r , η
(ab,α)
2l , η
(a,αβ)
2r ,
(χ1l)
a
b , (χ1r)
α
β , (χ2l)
α
β , (χ2r)
a
b , (II.8)
where a, b = 1, 2, 3 are for SU(3)L and α, β = 1, 2, 3 for
SU(3)R. Note that the superscripts of ab and αβ are
symmetrized to express 6 representation.
The property for the party transformation (P) and the
charge conjugation (C) are defined as
ψ1l,1r
P−→ γ0 ψ1r,1l , ψ2l,2r P−→ −γ0 ψ2r,2l ,
ψ1l,1r
C−→ C (ψ¯1r,1l)T , ψ2l,2r C−→ −C (ψ¯2r,2l)T (II.9)
for ψ = Ψ, η, χ with C ≡ iγ2γ0. This assignment for
the parity is called as the mirror assignment.
Now the covariant derivatives for each field are ex-
pressed as
DµΨ1l,2r = ∂µΨ1l,2r − iLµΨ1l,2r + iΨ1l,2rRµ ,
DµΨ1r,2l = ∂µΨ1r,2l − iRµΨ1r,2l + iΨ1r,2lLµ ,
(Dµη1l,2r)
(a,αβ)
= ∂µη
(a,αβ)
1l,2r − i (Lµ)ab η
(b,αβ)
1l,2r
− i
[
(Rµ)αρ δβσ + δαρ (Rµ)βσ
]
η
(a,ρσ)
1l,2r ,
(Dµη1r,2l)
(ab,α)
= ∂µη
(ab,α)
1r,2l − i (Rµ)αβ η
(ab,β)
1r,2l
− i
[
(Lµ)ac δbd + δac (Lµ)bd
]
η
(cd,α)
1r,2l ,
Dµχ1l,2r = ∂µχ1l,2r − iLµχ1l,2r + iχ1l,2rLµ ,
Dµχ1r,2l = ∂µχ1r,2l − iRµχ1r,2l + iχ1r,2lRµ
(II.10)
3Table II: Chiral representation.
fields Ψ1l Ψ1r Ψ2l Ψ2r η1l η1r η2l η2r χ1l χ1r χ2l χ2r M
SU(3)L×SU(3)R (3, 3¯) (3¯,3) (3¯,3) (3, 3¯) (3,6) (6,3) (6,3) (3,6) (8,1) (1,8) (1,8) (8,1) (3, 3¯)
U(1)A charge +1 −1 −1 +1 +1 −1 −1 +1 −3 +3 +3 −3 −2
Table III: Allowed operators with one meson field M which has −2 as the U(1)A charge. “×” means that such operators are
forbidden.
fields - Ψ1l Ψ1r Ψ2l Ψ2r η1l η1r η2l η2r χ1l χ1r χ2l χ2r
- U(1)A +1 −1 −1 +1 +1 −1 −1 +1 −3 +3 +3 −3
Ψ¯1l −1 × W
(1)
R × × × O
(1)
R × × × O
(2)
R × ×
Ψ¯1r +1 W
(1)
L × × × O
(1)
L × × × O
(2)
L × × ×
Ψ¯2l +1 × × × W
(2)
R × × × O
(3)
R × × × O
(4)
R
Ψ¯2r −1 × × W
(2)
L × × × O
(3)
L × × × O
(4)
L ×
η¯1l −1 × O
(1)
L
†
× × × W
(3)
R × × × O
(5)
R × ×
η¯1r +1 O
(1)
R
†
× × × W
(3)
L × × × O
(5)
L × × ×
η¯2l +1 × × × O
(3)
L
†
× × × W
(4)
R × × × O
(6)
R
η¯2r −1 × × O
(3)
R
†
× × × W
(4)
L × × × O
(6)
L ×
χ¯1l +3 × O
(2)
L
†
× × × O
(5)
L
†
× × × × × ×
χ¯1r −3 O
(2)
R
†
× × × O
(5)
R
†
× × × × × × ×
χ¯2l −3 × × × O
(4)
L
†
× × × O
(6)
L
†
× × × ×
χ¯2r +3 × × O
(4)
R
†
× × × O
(6)
R
†
× × × × ×
where Lµ andRµ are the external gauge fields introduced
by gaging the chiral SU(3)L×SU(3)R symmetry.
Next we introduce a 3× 3 matrix field M expressing a
nonet of scalar and pseudoscalar mesons made of a quark
and an anti-quark. The representation under SU(3)L ×
SU(3)R ×U(1)A of the M is
M ∼ (3, 3¯)−2 , (II.11)
which implies that this field is actually made from (q¯RqL).
The parity transformation and the charge conjugation
are also defined as
M
P−→M † , M C−→MT . (II.12)
We construct a general Lagrangian invariant under the
chiral U(3)L×U(3)R symmetry. 1 In the present analy-
sis, we include only non-derivative Yukawa interactions
among one meson field M and baryon fields as well as
the chiral invariant mass terms in the baryon sector. Ta-
ble III summarizes the Yukawa interactions allowed by
the symmetry. Here W denotes an interaction between
1 U(1)A symmetry is explicitly broken by the anomaly. As we show
later, we introduce a term proportional to ln
(
detM/detM†
)
which saturates the anomaly, and assume that all the other terms
of the effective model are invariant under the U(1)A transforma-
tion.
the same species of baryons (e.g. Ψ1l and Ψ1r), andO de-
notes an interaction between different species of baryons.
Their explicit forms are given in Tables VI and IV, re-
spectively. Similarly, the kinetic terms, K, and the chiral
invariant mass terms Q are listed in Tables V and VII,
respectively.
The operators transform under the parity as
KL
P
⇆ KR , WL
P
⇆WR , OL
P
⇆ OR , QL
P
⇆ QR .
(II.13)
Thus one can find that the invariant operators under the
parity are
K ≡ KL +KR , W ≡WL +WR ,
O ≡ OL +OR , Q ≡ QL +QR . (II.14)
By requiring invariance under the parity transformation,
we have the following Lagrangian:
L =
6∑
k=1
K(k) +
4∑
k=1
gkW(k)
+
6∑
k=1
yk
(
O(k) +O(k)†
)
+
3∑
k=1
m
(k)
0
(
Q(k) +Q(k)†
)
+ Lmeson (II.15)
where gk, yk, and m
(k)
0 are real constants. Note that the
4Table IV: List of the allowed operators: OL,R.
k O
(k)
L O
(k)
R
1 ǫabc
(
Ψ¯1r
)a
α
(M)bβ (η1l)
(c,αβ) ǫαβσ
(
Ψ¯1l
)α
a
(
M†
)β
b
(η1r)
(ab,σ)
2 Tr
[
Ψ¯1rM
†χ1l
]
Tr
[
Ψ¯1lMχ1r
]
3 ǫαβσ
(
Ψ¯2r
)α
a
(
M†
)β
b
(η2l)
(ab,σ) ǫabc
(
Ψ¯2l
)a
α
(M)bβ (η2r)
(c,αβ)
4 Tr
[
Ψ¯2rMχ2l
]
Tr
[
Ψ¯2lM
†χ2r
]
5 ǫacd (η¯1r)(ab,α)
(
M†
)α
c
(χ1l)
b
d ǫ
ασρ (η¯1l)(a,αβ) (M)
a
σ (χ1r)
β
ρ
6 ǫασρ (η¯2r)(a,αβ) (M)
a
σ (χ2l)
β
ρ ǫ
acd (η¯2l)(ab,α)
(
M†
)α
c
(χ2r)
b
d
Table V: List of the allowed kinetic terms: KL,R.
k K
(k)
L K
(k)
R
1 Tr
[
Ψ¯1liD/Ψ1l
]
Tr
[
Ψ¯1riD/Ψ1r
]
2 Tr
[
Ψ¯2liD/Ψ2l
]
Tr
[
Ψ¯2riD/Ψ2r
]
3 (η¯1l)(a,αβ) iD/ (η1l)
(a,αβ) (η¯1r)(ab,α) iD/ (η1r)
(ab,α)
4 (η¯2l)(ab,α) iD/ (η2l)
(ab,α) (η¯2r)(a,αβ) iD/ (η2r)
(a,αβ)
5 Tr [χ¯1liD/χ1l] Tr [χ¯1riD/χ1r ]
6 Tr [χ¯2liD/χ2l] Tr [χ¯2riD/χ2r ]
Table VI: List of the allowed operators: WL,R.
k W
(k)
L W
(k)
R
1 ǫabcǫ
αβσ
(
Ψ¯1r
)a
α
(M)bβ (Ψ1l)
c
σ ǫ
abcǫαβσ
(
Ψ¯1l
)α
a
(
M†
)β
b
(Ψ1r)
σ
c
2 ǫabcǫαβσ
(
Ψ¯2r
)α
a
(
M†
)β
b
(Ψ2l)
σ
c ǫabcǫ
αβσ
(
Ψ¯2l
)a
α
(M)bβ (Ψ2r)
c
σ
3 (η¯1r)(ab,α) (M)
a
β (η1l)
(b,αβ) (η¯1l)(a,αβ)
(
M†
)α
b
(η1r)
(ab,β)
4 (η¯2r)(a,αβ)
(
M†
)α
b
(η2l)
(ab,β) (η¯2l)(ab,α) (M)
a
β (η2r)
(b,αβ)
Table VII: List of the allowed mass operators: QL,R.
k Q
(k)
L Q
(k)
R
1 −Tr
[
Ψ¯1rΨ2l
]
Tr
[
Ψ¯1lΨ2r
]
2 − (η¯1r)(ab,α) (η2l)
(ab,α) (η¯1l)(a,αβ) (η2r)
(a,αβ)
3 −Tr [χ¯1rχ2l] Tr [χ¯1lχ2r]
charge conjugation makes these parameters to be real:
K
C
⇆ K , W
C
⇆W , O
C
⇆ O† , Q
C
⇆ Q† . (II.16)
The mesonic part of the Lagrangian denoted by Lmeson
is written as
Lmeson = Tr
[
DµM ·DµM †
]− V (M) (II.17)
where V (M) is a meson potential term, which includes
the breaking of U(1)A by the anomaly.
B. Mass matrix
We have constructed the Lagrangian by requiring the
chiral U(3)L×U(3)R invariance. To study the properties
of nucleons, we decompose baryons in the chiral repre-
sentations to the irreducible representation of the flavor
symmetry. Then, we obtain the mass matrix for nucle-
ons.
We assume that the meson potential V (M) makes M
to have the expectation value given as
〈M〉 =


v1 0 0
0 v2 0
0 0 v3

 , (II.18)
where we take v1 = v2 = fpi/2 due to the isospin symme-
try. This breaks down the chiral symmetry U(3)L×U(3)R
to the flavor symmetry spontaneously. Note that we do
not determine the value of v3 here because the value does
not affect our results in this paper.
One can decompose each representation of the chiral
symmetry to the irreducible representations of the flavor
symmetry:
Ψi = B
(1)
i +
1√
3
Λ
(4)
i 1 ,

η
(a,αβ)
1l,2r = ∆
aαβ
1l,2r +
1√
6
(
ǫαacδβk + ǫ
βacδαk
)(
B
(2)
1l,2r
)k
c
η
(ab,α)
1r,2l = ∆
abα
1r,2l +
1√
6
(
ǫaαcδbk + ǫ
bαcδak
) (
B
(2)
1r,2l
)k
c
,
χi = B
(3)
i (II.19)
for i = 1l, 1r, 2l, or 2r where ∆, B, and Λ belong to
decaplet-, octet-, and singlet-representations of the flavor
symmetry, respectively. In the following we use the Dirac
spinor expression for convenience:
B1 ≡ B1l +B1r , B2 ≡ B2l +B2r ,
∆1 ≡ ∆1l +∆1r , ∆2 ≡ ∆2l +∆2r ,
Λ1 ≡ Λ1l + Λ1r , Λ2 ≡ Λ2l + Λ2r . (II.20)
Each component of the octet-baryon B is assigned as
Bab =


B11 B
1
2 B
1
3
B21 B
2
2 B
2
3
B31 B
3
2 B
3
3


=


1√
2
Σ0 + 1√
6
Λ Σ+ p
Σ− −1√
2
Σ0 + 1√
6
Λ n
Ξ− Ξ0 −2√
6
Λ

 . (II.21)
Similarly, for the decaplet-baryon ∆ (J = 1/2), we can
set
5∆111 = ∆++ , ∆112 =
1√
3
∆+ , ∆122 =
1√
3
∆0 , ∆222 = ∆− ,
∆113 =
1√
3
Σ+
(4)
, ∆123 =
1√
6
Σ0
(4)
, ∆223 =
1√
3
Σ−
(4)
,
∆133 =
1√
3
Ξ0
(4)
, ∆233 =
1√
3
Ξ−
(4)
,
∆333 = Ω . (II.22)
The scalar and pseudoscalar meson fields M is parametrized as
M ≡ S + iφ (II.23)
where S is the scalar meson nonet and the φ is the pseudoscalar meson nonet parametrized as
φ =
1√
2


1√
2
π0 + 1√
6
η8 +
1√
3
η0 π
+ K+
π− − 1√
2
π0 + 1√
6
η8 +
1√
3
η0 K
0
K− K¯0 − 2√
6
η8 +
1√
3
η0

 . (II.24)
The axial coupling of the F- and the D-types are deter-
mined by the chiral representation from the kinetic terms
in the matrix form:
Tr
[
B¯γ5γ
µ (D)6×6 {Aµ, B}
]
+Tr
[
B¯γ5γ
µ (F )6×6 [Aµ, B]
]
(II.25)
where
(F )6×6 = diag
(
0,
2
3
, −1, 0, −2
3
, 1
)
,
(D)6×6 = diag (−1, 1, 0, 1, −1, 0) ,
BT ≡
(
B
(1)
1 B
(2)
1 B
(3)
1 B
(1)
2 B
(2)
2 B
(3)
2
)
, (II.26)
and the trace is taken in the flavor space.
In the following we will not explicitly discuss the hy-
peron sector in which the contribution of the current
quark mass is not negligible, and focus the study on the
nucleon N(= p, n) and excited nucleons.
Let us derive the mass matrix. In the following, for
convenience, we redefine the baryon fields as
ψ′1 = ψ1 , ψ
′
2 = γ5ψ2 (II.27)
for ψ = N (1), N (2), or N (3). Note that the definitions of
N (1), N (2), and N (3) are the components of the nucleon
doublets in the matrices of B(1), B(2), and B(3), respec-
tively. This redefinition makes all of their parities to be
even: i.e. N ′(1)1,2
P−→ γ0N ′(1)1,2.
One can obtain the mass term for N from the La-
grangian (II.15) as in the following form:
−N¯ ′M ′NN ′ (II.28)
with
N ′T ≡
(
N ′(1)1 N
′(2)
1 N
′(3)
1 N
′(1)
2 N
′(2)
2 N
′(3)
2
)
.
(II.29)
Here the mass matrix M ′N is given as
M ′N =


g1
2 fpi − 3y12√6fpi −
y2
2 fpi m
(1)
0 0 0
− 3y1
2
√
6
fpi
g3
4 fpi − 3y52√6fpi 0 m
(2)
0 0
− y22 fpi − 3y52√6fpi 0 0 0 m
(3)
0
m
(1)
0 0 0 − g22 fpi 3y32√6fpi
y4
2 fpi
0 m
(2)
0 0
3y3
2
√
6
fpi − g44 fpi 3y62√6fpi
0 0 m
(3)
0
y4
2 fpi
3y6
2
√
6
fpi 0


. (II.30)
The mass eigenstates are obtained by diagonalizing the mass matrix, which are denoted by
N ′Tphys =
(
N ′(1)+ N
′(2)
+ N
′(3)
+ N
′(1)
− N
′(2)
− N
′(3)
−
)
phys
.
(II.31)
6By conducting the inverse process of Eq. (II.27), one can
easily see that the parities of the fields with the “−”
subscript are odd, i.e. N± −→P ±γ0N±.
In the present analysis, we identify the mass eigenstates as
NTphys =
(
N(939) N(1440) N(1710) N(1535) N(1650) N6th
)
phys
(II.32)
where N6th is an unknown baryon with odd parity. One of its candidates is a baryon named as N(1895)(JP = 12
−
).
Each of the above baryons has its eigenvalues λNi .
III. EXTENDED GOLDBERGER-TREIMAN
RELATION
In this section we will give the extended Goldberger-
Treiman relation and show that it yields an upper bound
of decay widths of exited nucleons.
The interaction term is given from the Lagrangian as
N¯ ′C′piNN iγ5πN
′ (III.1)
where π = πa · σa and
C′piNN =


− g12 − y12√6
y2
2 0 0 0
− y1
2
√
6
5g3
12 − y52√6 0 0 0
y2
2 − y52√6 0 0 0 0
0 0 0 − g22 − y32√6
y4
2
0 0 0 − y3
2
√
6
5g4
12 − y62√6
0 0 0 y42 − y62√6 0


.
(III.2)
Now by using the (F )6×6 , (D)6×6 , M
′
N , and C
′
piNN ,
we can find the extended Goldberger-Treiman relation:
C′piNN =
1
2fpi
{
(F +D)6×6 ,M
′
N
}
(III.3)
which is on the chiral representation basis. We can also
get the coupling constants g′piNiNj for the physical state :
g′piNiNj ≡ uTi · C′piNN · uj
=
λNi + λNj
2fpi
[
uTi · (F +D)6×6 · uj
]
(III.4)
where an eigenvector with respect to M ′N is denoted by
ui and its eigenvalue is λNi . We set u1 as the eigenvector
corresponding to the nucleon, N(939). One can verify
that this relation is consistent with the two flavor case
given in Refs. [2, 6].
Now the relation yields
∑
j
f2pi(
λNi + λNj
)2
(
g′piNiNj
)2
=
1
4
[
uTi · (F +D)26×6 · ui
]
.
(III.5)
Noting that the right hand side is bounded as
1
4
[
uTi · (F +D)26×6 · ui
]
≤ 25
36
, (III.6)
we obtain the following upper bound independently of
the model parameters:
1
4
(gA)
2
+
∑
N∗
Γ˜ (N∗) ≤ 25
36
(III.7)
where gA is the axial coupling of the nucleon N(939)
given by
gA = u
T
1 · (F +D)6×6 · u1 , (III.8)
and Γ˜(N∗) is defined as 2
Γ˜ (N∗) ≡4π
3
mN∗
|~p|
[√
|~p|2 +m2N ∓mN
]−1
f2pi
(mN∗ ±mN )2
× Γ(N∗ → N + π) . (III.9)
In the following, to discuss how the upper bound
works, we set Γ˜
(
N6th
)
= 0. By using the experimen-
tal values in Table VIII, the pion mass mpi = 137 MeV,
and the pion decay constant fpi = 92.4 MeV together
with gA = 1.268± 0.006 [17], one can estimate
1
4
g2A = 0.402± 0.004 ,
Γ˜exp (N (1440)) = 0.063 ± 0.022 ,
Γ˜exp (N (1535)) = 0.012 ± 0.003 ,
Γ˜exp (N (1650)) = 0.010 ± 0.004 ,
Γ˜exp (N (1710)) = 0.0011 ± 0.0018 , (III.10)
2 The partial decay width of N∗ → N + π is given by
Γ(N∗ → N(939) + π) =
3g2piN∗N
4π
|~p|
mN∗
[√
|~p|2 +m2N ∓mN
]
where the minus sign in the bracket is chosen if the parity of N∗
is positive. |~p| is the momentum of the nucleon, which satisfies
mN∗ =
√
|~p|2 +m2N +
√
|~p|2 +m2pi.
7which yields
1
4
(gA)
2
+
∑
N∗
Γ˜ (N∗) = 0.49 ± 0.02 . (III.11)
Since the value of 25/36 approximately equals to 0.69,
the central value from the experiments is allowed.
If we use the values of Eq. (III.10) except
Γ˜exp (N(1440)), Eq. (III.7) implies that
Γ˜ (N(1440)) ≤ 0.269± 0.007 (III.12)
must be satisfied. Since Γ˜ (N (1440)) is a function
of mN(1440) and Γ (N (1440)→ N + π) as given in
Eq. (III.9), this inequality gives an allowed region on the
mass of N(1440) versus Γ (N (1440)→ N + π) plane as
shown in FIG. 1. This shows that the experimental value
FIG. 1: Allowed region for the N(1440) → N(939)+π decay
width and the mass of N(1440) obtained from Eq. (III.12).
The experimental values ofmN(1440) and Γ (N
∗ → N + π) are
1420 – 1450MeV and 210± 70MeV, respectively.
210 ± 70 MeV [1] is consistent with the upper bound of
the decay width of N(1440)→ N(939)+π independently
of the detail of the model parameters.
IV. NUMERICAL ANALYSIS
In the previous section, we obtained the upper bound
of the decay width of N(1440) independently of the
model parameters. In this section, we make a numeri-
cal analysis for fitting the model parameters and make
several physical quantities in addition to Γ(N(1440)).
There are thirteen parameters in the model:
m
(1)
0 , m
(2)
0 , m
(3)
0 ,
g1 , g2 , g3 , g4 ,
y1 , y2 , y3 , y4 , y5 , y6 . (IV.1)
To determine the parameters, we use ten inputs which
are F exp = 0.475 ± 0.004, Dexp = 0.793 ± 0.005, and
the experimental values of the masses and decay widths
of baryons listed in Table VIII except Γexp (N(1440)).
Note that we cannot use the decay width Γexp (N(1440))
as an independent input because of the existence of the
extended Goldberger-Treiman relation in Eq. (III.3). In
the following, we identify the exited nucleon N6th(JP =
1
2
−
) as N(1895).
There are still three parameters left undetermined even
when we use the above ten inputs. Nevertheless, there
exists an upper bound for the N(1440) → N(939) + π
decay width due to the extended Goldberger-Treiman re-
lation as discussed in the previous section. In Fig. 2, we
show the allowed values of Γ(N(1440) → N(939) + π)
depending on the mass of N(1895). 3 Here each red and
blue point is plotted by arbitrary choosing three unde-
termined parameters. This shows that the upper bound
is about 700MeV almost independently of the mass of
N(1895).
FIG. 2: Allowed values of Γ(N(1440) → N(939)+π) shown by
red and blue points. Purple, green, and orange areas are for
mN(1895) = 1880±20MeV, 1895±15MeV, and 2180±80MeV,
respectively.
Each arbitrary choice of three undetermined param-
eters also give the predictions for the axial couplings
of the excited nucleons. Here, restricting the pa-
rameter region from Γ(N(1440) → N(939) + π) =
210 ± 70MeV as an input, we show allowed values of
gA(N(1535)) and gA(N(1650)) in Fig. 3. This shows
that there exist upper bounds for both axial cou-
plings: gA(N(1535)) . 0.9, gA(N(1650)) . 0.9 and
gA(N(1535)) + gA(N(1650)) . 0.0, which implies that
one of gA(N(1535)) and gA(N(1650)) must be negative.
3 In the PDG[1], three experimental values are listed: 1895 ± 15,
2180 ± 80, 1880 ± 20.
8Table VIII: Experimental values of Masses and partial decay widths of baryons [1]. The error of mN(939) expresses the mass
splitting between the proton and the neutron.
Baryon Mass (MeV) Partial width (MeV) ΓN∗→Npi
N(939) 939.0 ± 1.3 —
N(1440) 1420 – 1450 (≈ 1430) ∼ 210± 70
N(1535) 1525 – 1545 (≈ 1535) ∼ 70± 19
N(1650) 1645 – 1670 (≈ 1655) ∼ 100± 35
N(1710) 1680 – 1740 (≈ 1710) ∼ 13+20−13
FIG. 3: Allowed values of gA(N(1535)) and gA(N(1650))
shown by red points. Blue area shows the region restricted
by |gA(N(1535))| ≤ 0.5 and 0.0 ≤ gA(N(1650)) ≤ 1.0.
We think that these are the consequences of some re-
lations similar to the extended Goldberger-Treiman rela-
tion in Eq. (III.3). We would like to stress that the above
predictions shown in Fig. 3 will be tested by future ex-
periments.
We make further restriction of the parameters by re-
ferring to the lattice QCD analysis on the axial charges
of N(1535) and N(1650) in Ref. [18], which shows
that gA(N(1535)) = O(0.1) and gA(N(1650)) ∼ 0.55.
In the following we use the parameter sets satisfying
|gA(N(1535))| ≤ 0.5 and 0.0 ≤ gA(N(1650)) ≤ 1.0 which
are illustrated by the blue area in Fig. 3.
Furthermore, we fix mN(1895) = 1895MeV which is the
result of the newest experiment for the exited nucleon
N(1895) listed in PDG [1]. In the following, by using it,
we discuss the axial charges for each excited nucleon as
well as the mixing structure and the chiral invariant mass
of the nucleon N(939).
In Fig. 4, we plot the dependence of the values of the
axial charges of excited nucleons on the value of the decay
width of N(1440)→ N(939)+ π for Γ(N(1440)) = 120 –
300MeV. One can see that the values of the axial charges
FIG. 4: Dependence of the axial charges of exited nucleons
on Γ(N(1440) → N(939) + π).
are rather stable against the value of the decay width. As
we stated above, this reflects existence of the extended
Goldberger-Treiman relations for these quantities.
We also study the mixing structure of the ground state
nucleon N(939). In Fig. 5, we plot the percentages of
the component fields included in N(939) obtained from
the orthogonal matrix which diagonalize the mass ma-
trix. This shows that η1 belonging to [(3,6)⊕ (6,3)]
representation is a dominant component (∼ 80%) in the
N(939) state. Its reason is that only the axial charge of
η1 is larger than 1.
Finally, we show the values of the chiral invariant
masses in Fig. 6. Here, m
(1)
0 , m
(2)
0 , and m
(3)
0 are the chi-
ral invariant masses of [(3, 3¯)⊕ (3¯,3)], [(3,6)⊕ (6,3)],
and [(8,1)⊕ (1,8)] representations, respectively. Fig-
ure 6 shows that all the values are rather stable against
the change of the value of Γ(N(1440) → N(939) + π),
and m
(2)
0 ∼ 550 – 800MeV. Since the main components
of the nucleon, N(939) are [(3,6)⊕ (6,3)], as we show
above, our results imply that the chiral invariant mass of
the nucleon N(939) is roughly 500 – 800MeV, which is
consistent with the result in Ref. [15].
9FIG. 5: Mixing structure of the ground state nucleon N(939).
The vertical axis shows the percentage of the component
fields in N(939). Ψ, η, and χ belong to [(3, 3¯)⊕ (3¯, 3)],
[(3, 6)⊕ (6, 3)], and [(8,1)⊕ (1,8)], respectively.
FIG. 6: Chiral invariant masses: m10, m
2
0, and m
3
0.
V. SUMMARY AND DISCUSSIONS
We introduced three kinds of baryons belonging to
[(3, 3¯)⊕ (3¯,3)], [(3,6)⊕ (6,3)], and [(8,1)⊕ (1,8)] rep-
resentations of the chiral U(3)L × U(3)R group together
with their parity partners. We constructed a model
Lagrangian based on the chiral U(3)L×U(3)R symme-
try as well as the invariance under the parity and the
charge conjugation. We derived an extended Goldberger-
Treiman relation, from which we obtained an upper
bound for decay width of the exited nucleon N(1440)
as shown in Fig. 1.
We performed a numerical analysis by assuming
N(939), N(1440), N(1535), N(1650), N(1710), and
N(1895) make a parity doubling structure. Our re-
sults show that the upper bound of Γ(N(1440)) is about
700MeV, which is consistent with its experimental value
210 ± 70MeV. Furthermore, we showed that there ex-
ist upper bounds for the axial couplings of N(1535) and
N(1650): gA(N(1535)) . 0.9, gA(N(1650)) . 0.9 and
gA(N(1535)) + gA(N(1650)) . 0.0, which implies that
one of gA(N(1535)) and gA(N(1650)) must be negative.
These constraints can be tested by future experiments as
well as lattice QCD analyses. The violation of our con-
straints means that the present parity doubling structure
may not work, and that we may have to modify the struc-
ture of the parity doublets. There exist two candidates of
the modification: (i) No parity partner of N(939) exists.
Although the excited nucleons have parity partners, the
lowest-lying nucleon does not. (ii) Some nucleons consid-
ered in the present analysis are molecular or penta-quark
states. If so, we have to take account of the represen-
tations of molecular or penta-quark type expressed by
the direct product of five quarks. Such representations
include the octet-baryons belonging to
(3¯,3)−1 , (6,3)−1 , (1¯5,3)−1 ,
(3, 3¯)−5 , (6¯, 3¯)−5 , (15, 3¯)−5 ,
(6¯, 3¯)+1 , (15, 3¯)+1 , (15,6)+1 ,
(8,1)−3 , (1,8)−3 , (8,8)−3 , (10,8)−3 (V.1)
and their parity partners.
We make further restriction of the parameters by using
mN(1895) = 1895MeV as well as |gA(N(1535))| ≤ 0.5 and
0.0 ≤ gA(N(1650)) ≤ 1.0 as the constraints, to study
the mixing structure of the ground state nucleon N(939).
Our results show that N(939) is made of about 80% of
[(3,6)⊕ (6,3)] component, and that the chiral invariant
mass of N(939) is roughly 500 – 800MeV. This implies
that the origin of the mass of N(939) is almost the chiral
invariant mass, which seems consistent with the lattice
QCD results [10, 11].
In addition to the Lagrangian given in Eq. (II.15), we
can add the explicit chiral symmetry braking terms due
to the current quark masses. The mass splitting among
the baryons included in an octet is estimated as about
200MeV due to the flavor symmetry breaking mainly
caused by the strange quark mass. Then, one can expect
that the coefficients for the explicit symmetry breaking
terms are not large and the modification of the present
results for non-strange sector will be only slightly. On
the other hand, the effect of the flavor symmetry braking
becomes important for hyperons. We leave the study of
hyperons for future works.
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